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Part I: Topological order 



Topologically ordered states 

Topological	
  
states	
  of	
  maJer	
  

Topologically	
  
ordered	
  states	
  

“inver<ble”	
  intrinsic	
  
topological	
  states	
  

Symmetry	
  protected	
  
topological	
  states	
  (SPT)	
  
Examples:	
  quantum	
  spin	
  

Hall,	
  3D	
  TI	
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  frac<onaliza<on	
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  ground	
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•  Frac<onal	
  quantum	
  Hall	
  states	
  are	
  first	
  topologically	
  
ordered	
  states	
  discovered	
  in	
  nature.	
  

•  To	
  understand	
  frac<onal	
  quantum	
  Hall	
  states	
  we	
  can	
  
start	
  from	
  integer	
  quantum	
  Hall	
  states.	
  

• Hall	
  effect:	
  perpendicular	
  voltage	
  
due	
  to	
  Lorentz	
  force.	
  	
  
​𝑗↓𝑥 = ​𝜎↓𝐻 ​𝐸↓𝑦 	
  	
  

•  	
  In	
  strong	
  field	
  and	
  low	
  
temperature,	
  we	
  get	
  
the	
  quantum	
  Hall	
  effect.	
  	
  
(von	
  Klitzing	
  ‘80)	
  

Example 1: Fractional quantum Hall states 
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• Quan<zed	
  Hall	
  conductance	
  
	
   ​𝜎↓𝐻 = ​𝑛​𝑒↑2 /ℎ 	
  

• Reason	
  of	
  the	
  quan<za<on:	
  
electron	
  orbits	
  in	
  Lorentz	
  
force	
  have	
  quan<zed	
  energy	
  
-­‐-­‐-­‐Landau	
  levels.	
  Electrons	
  	
  
occupying	
  fully	
  packed	
  Landau	
  levels	
  have	
  a	
  
quan<zed	
  Hall	
  conductance.	
  	
  
	
  

en
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•  Edge	
  state	
  picture	
  
•  The	
  quan<zed	
  Hall	
  
conductance	
  is	
  carried	
  
by	
  chiral	
  edge	
  states.	
  

•  The	
  edge	
  states	
  are	
  
“chiral”	
  meaning	
  they	
  
only	
  move	
  along	
  one	
  	
  
direc<on.	
  	
  

• Bulk	
  wavefunc7on	
  
•  In	
  lowest	
  Landau	
  level,	
  the	
  single	
  electron	
  (in	
  symmetric	
  
gauge)	
  has	
  the	
  wavefunc<on	
   ​𝜓↓𝑛 = ​𝑧↑𝑛 ​𝑒↑− ​​|𝑧|↑2 /2​
𝑙↓𝐵↑2   	
  

• Many-­‐body	
  wavefunc<on	
  of	
  the	
  fully	
  occupied	
  Landau	
  
level	
  ∏𝑖<𝑗↑▒( ​𝑧↓𝑖 − ​𝑧↓𝑗 ) ​exp⁠[− ​1/2​𝑙↓𝐵↑2  ∑𝑖↑▒​|​𝑧↓𝑖 |
↑2  ] 	
  

VL	
   VR	
  

𝑒 ��
current	
  𝐼= ​𝑛​𝑒↑2 /ℎ (​𝑉↓𝐿 − ​𝑉↓𝑅 )�



•  Frac<onal	
  quantum	
  Hall	
  effect	
  (Tsui	
  ‘82)	
  refers	
  to	
  
quan<za<on	
  of	
  Hall	
  conductance	
  at	
  frac<onal	
  values	
  
such	
  as	
   ​1/3 ​​𝑒↑2 /ℎ .	
  	
  

•  To	
  understand	
  the	
  physics	
  of	
  frac<onal	
  quantum	
  
Hall	
  state,	
  we	
  can	
  think	
  of	
  the	
  parton	
  picture.	
  (Take	
  
the	
  1/3	
  state	
  for	
  example)	
  

•  Each	
  electron	
  is	
  considered	
  as	
  a	
  bound	
  state	
  of	
  3	
  
partons	
  each	
  with	
  1/3	
  charge.	
  	
  

From integer quantum Hall effect to fractional 
quantum Hall effect 
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•  Electron	
  density	
  𝑛= ​𝐵/​𝜙↓0  ⋅ ​1/3 	
  
• è	
  
• Parton	
  density	
   ​𝑛↓𝑖 = ​𝐵/​𝜙↓0  ⋅ ​1/3 ,	
  𝑖=1,2,3	
  
• Parton	
  seems	
  an	
  effec<ve	
  magne<c	
  field	
  ​𝐵/3 	
  
•  Therefore	
  parton	
  filling	
   ​​𝑛↓𝑖 /​𝐵/3​𝜙↓0   =1	
  
•  Each	
  parton	
  is	
  in	
  an	
  integer	
  quantum	
  Hall	
  state.	
  
Hall	
  conductance	
  ​𝜎↓𝐻𝑖 =1⋅​​(​𝑒/3 )↑2 /ℎ 	
  

•  Total	
  Hall	
  conductance	
  ​𝜎↓𝐻 =∑𝑖↑▒​𝜎↓𝐻𝑖  = ​1/3    ​​
𝑒↑2 /ℎ 	
  

Parton picture and Laughlin state 



• Parton	
  wavefunc<on	
  	
  
​Ψ↓n ({​𝑧↓𝑖 })=∏𝑖<𝑗↑▒( ​𝑧↓𝑖 − ​𝑧↓𝑗 ) ​exp⁠[− ​1/6​𝑙↓𝐵↑2  
∑𝑖↑▒​|​𝑧↓𝑖 |↑2  ] ,  n=1,2,3	
  	
  

•  Each	
  parton	
  occupies	
  a	
  Landau	
  level.	
  
•  Electron	
  wavefunc<on	
  
• Ψ({​𝑧↓𝑖 })=∏𝑛↑▒​Ψ↓𝑛 ({​𝑧↓𝑖 }) =	
  
∏𝑖<𝑗↑▒​(​𝑧↓𝑖 − ​𝑧↓𝑗 )↑3  ​exp⁠[− ​1/2​𝑙↓𝐵↑2  ∑𝑖↑▒​|​𝑧↓𝑖 |
↑2  ] ,	
  	
  

•  (Laughlin	
  ‘83)	
  

•  Three	
  partons	
  are	
  always	
  bounded	
  into	
  an	
  electron.	
  

Laughlin wavefunction 



• Consider	
  a	
  torus	
  of	
  the	
  frac<onal	
  quantum	
  	
  
Hall	
  state	
  and	
  thread	
  a	
  magne<c	
  flux	
  in	
  	
  
the	
  hole.	
  

• Current	
   ​𝑗↓𝑦 = ​𝜎↓𝐻 ​𝐸↓𝑥 	
  
• When	
  ​𝜎↓𝐻 =𝜈​​𝑒↑2 /ℎ ,	
   ​𝐼↓𝑦 =𝜈​𝑑/𝑑𝑡 (​Φ/​Φ↓0  )	
  
•  Threading	
  a	
  flux	
  ​ℎ𝑐/𝑒 ,	
  the	
  system	
  should	
  return	
  to	
  
the	
  same	
  state	
  as	
  flux	
  0	
  (because	
  there	
  is	
  no	
  AB	
  
phase)	
  

•  The	
  charge	
  pumped	
  around	
  the	
  torus	
  is	
  𝑄=𝜈	
  
•  For	
  𝜈= ​1/3 ,	
  a	
  frac<onal	
  charge	
  is	
  pumped	
  through	
  the	
  
torus.	
  èOne	
  obtains	
  a	
  different	
  ground	
  state.	
  	
  

Why is the Laughlin state topologically 
ordered? 



•  Three	
  ground	
  states	
  ​Ψ↓𝑒 ({​𝑧↓𝑖 })= ​Ψ↓𝑝↑𝜙= ​2𝑛𝜋/3  ({​
𝑧↓𝑖 })	
  

•  For	
  the	
  same	
  flux	
  in	
  the	
  torus,	
  there	
  are	
  three	
  different	
  
values	
  of	
  flux	
  the	
  parton	
  may	
  see.	
  	
  

Fractional excitations 



•  This	
  statement	
  about	
  ground	
  state	
  
is	
  related	
  to	
  excita<ons	
  in	
  the	
  system.	
  	
  
Cujng	
  the	
  torus	
  open,	
  we	
  obtain	
  a	
  	
  
a	
  sphere	
  with	
  two	
  punctures	
  

•  Threading	
  a	
  flux	
  ​ℎ𝑐/𝑒 	
  pumps	
  charge	
  
𝑞= ​1/3 	
  from	
  boJom	
  puncture	
  to	
  top	
  
puncture	
  

•  This	
  is	
  the	
  frac<onally	
  charged	
  excita<on	
  
of	
  this	
  system,	
  named	
  as	
  quasipar<cle	
  
or	
  quasihole.	
  	
  

Fractional excitations 



•  The	
  quasipar<cle	
  with	
  frac<onal	
  charge	
  ​𝑒/3 	
  and	
  flux	
  ​
ℎ𝑐/𝑒 	
  also	
  has	
  frac<onal	
  sta<s<cs.	
  	
  

•  Two	
  par<cles	
  exchanging	
  posi<on	
  by	
  “braiding”	
  leads	
  
to	
  an	
  Aharonov-­‐Bohm	
  phase	
  𝜃= ​𝜋/3 	
  

•  Frac<onal	
  sta<s<cs	
  is	
  an	
  intrinsic	
  property	
  of	
  
topological	
  order	
  

Fractional statistics 

Quasipar<cle	
  braiding	
   electron	
  braiding	
  



• A	
  simple	
  model	
  of	
  topological	
  order	
  
(Kitaev	
  03’,	
  Wen	
  04’)	
  	
  

•  Spin	
  ½	
  defined	
  on	
  links	
  of	
  a	
  square	
  	
  
lajce	
  

• 𝐻=−𝐴∏+↑▒​𝜎↓𝑧  𝑖𝑗    −𝐵∏​□ ↑▒​𝜎↓𝑥𝑖𝑗    	
  
• 𝐴>0,  𝐵>0	
  
• Ground	
  state	
  sa<sfies	
  the	
  Gauss	
  law	
  
∏+↑▒​𝜎↓𝑧  𝑖𝑗  =1	
  

• Ground	
  state	
  is	
  a	
  sum	
  over	
  closed	
  loop	
  
configura<ons	
  of	
   ​𝜎↓𝑧 =−1.	
  

•  The	
  model	
  has	
  topological	
  order.	
  

Example 2: Toric code 



•  Topological	
  ground	
  state	
  degeneracy	
  
𝐻=−𝐴∏+↑▒​𝜎↓𝑧  𝑖𝑗    −𝐵∏​□ ↑▒​𝜎↓𝑥𝑖𝑗    	
  	
  

•  Sphere	
  

Topological order of the toric code model 



•  Torus	
  

Topological order of the toric code model 

B	
  

B	
  

B	
  

B	
  

Not	
  all	
  
configura<ons	
  can	
  
be	
  coupled	
  by	
  the	
  
Hamiltonian.	
  	
  
è There	
  are	
  4	
  

ground	
  states	
  
è Ground	
  states	
  

can	
  be	
  labeled	
  
by	
  flux	
  in	
  the	
  
two	
  direc<ons	
  
(0,0),  (0,𝜋),   �
(𝜋,0),  (𝜋,𝜋)	
  



•  Frac<onalized	
  excita<ons	
  
• Charge	
  e	
  ∏+↑▒​𝜎↓𝑥  =−1	
  
	
  

•  Flux	
  m	
  ∏​□ ↑▒​𝜎↓𝑧  =−1	
  

• Braiding	
  sta<s<cs	
  

Topological order of the toric code model 



•  The	
  toric	
  code	
  model	
  actually	
  is	
  very	
  similar	
  to	
  a	
  
two-­‐dimensional	
  superconductor	
  

•  If	
  a	
  2D	
  superconductor	
  has	
  a	
  finite	
  penetra8on	
  
depth,	
  it	
  will	
  be	
  equivalent	
  to	
  a	
  toric	
  code	
  model.	
  

•  𝑒×𝑚—electron	
  
• 𝑚—vortex	
  with	
  flux	
  ℎ𝑐/2𝑒.	
  
• Actual	
  2D	
  superconductor	
  has	
  a	
  divergent	
  vortex	
  
energy,	
  which	
  is	
  why	
  it’s	
  not	
  strictly	
  a	
  topologically	
  
ordered	
  state.	
  

Toric code model and superconductors 



•  From	
  the	
  two	
  examples,	
  we	
  can	
  summarize	
  the	
  generic	
  
features	
  of	
  topologically	
  ordered	
  states	
  

•  Topological	
  ground	
  state	
  degeneracy	
  determined	
  by	
  
genus	
  
-­‐-­‐Laughlin	
  state	
  ​3↑𝑔 ,	
  Toric	
  code	
   ​4↑𝑔 	
  

•  Excita<ons	
  with	
  frac<onal	
  sta<s<cs	
  
•  Frac<onalized	
  excita<ons	
  can	
  be	
  obtained	
  by	
  cujng	
  a	
  
torus	
  into	
  a	
  sphere	
  with	
  two	
  punctures.	
  Similar	
  for	
  
higher-­‐genus	
  surfaces.	
  	
  

Generic features of topologically ordered 
states 



•  Fusion	
  rule	
  of	
  par7cles	
  
• Two  particles  together  must�
look  like  a  single  particle  from  far  away.


• 𝑎×𝑏= ​𝑁↓𝑎𝑏↑𝑐 𝑐	
  

•  Laughlin	
  state:	
  ​𝑎↓𝑛 × ​𝑎↓𝑚 = ​𝑎↓𝑛+𝑚 ,	
  𝑛,𝑚=0,1,2	
  
•  Toric	
  code:	
  𝑒×𝑒=1,  𝑚×𝑚=1,  �
𝑒×𝑚=𝜓,  𝜓×𝜓=1


• 𝜓	
  is	
  a	
  bound	
  state	
  of	
  𝑒,𝑚	
  which	
  is	
  a	
  fermion.	
  (like	
  a	
  
superconduc<ng	
  quasipar<cle)	
  

Generic features of topologically ordered 
states 

𝑎	
   𝑏	
  

𝑐	
  



• Braiding	
  

• Braiding	
  phase	
  may	
  depend	
  on	
  the	
  fusion	
  channel	
  of	
  
𝑎,𝑏.	
  In	
  general	
  it’s	
  denoted	
  as	
  ​𝑅↓𝑎𝑏↑𝑐 .	
  	
  

• Paradox:	
  With	
  only	
  	
  
two	
  par<cles,	
  what’s	
  	
  
the	
  difference	
  	
  
between	
  braiding	
  	
  
and	
  global	
  rota<on?	
  

Key properties of topologically ordered states 

𝑎	
   𝑏	
   𝑎	
   𝑏	
  

𝑐	
  

= ​𝑅↓𝑎𝑏↑𝑐 ⋅	
  



•  The	
  difference	
  comes	
  from	
  the	
  spin	
  of	
  each	
  par<cle.	
  	
  
•  Braiding	
  phase	
  =	
  global	
  rota<on	
  −	
  spin	
  of	
  each	
  par<cle	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  =	
  spin	
  of	
  the	
  fusion	
  −	
  spin	
  of	
  each	
  par<cle	
  

•  Braiding	
  is	
  determined	
  by	
  spin	
  of	
  par<cles.	
  	
  
•  Laughlin	
  state	
  ​ℎ↓𝑛 = ​​𝑛↑2 /6 ,  toric	
  code	
   ​ℎ↓𝑒 = ​ℎ↓𝑚 =0,  ​ℎ↓𝜓 
= ​1/2 .	
  

Topological spin of quasiparticles 

braiding	
   rota<on	
  

​𝑅↓𝑎𝑏↑𝑐 ​𝑅↓𝑏𝑎↑𝑐 = ​𝑒↑𝑖2𝜋(​ℎ↓𝑎 + ​ℎ↓𝑏 − ​ℎ↓𝑐 ) 	
  



•  The	
  two	
  examples	
  we	
  gave	
  are	
  “Abelian”	
  topologically	
  
ordered	
  states.	
  The	
  fusion	
  of	
  par<cles	
  are	
  definite,	
  𝑎×𝑏=𝑐	
  

•  There	
  are	
  non-­‐Abelian	
  states	
  in	
  which	
  par<cles	
  have	
  
mul<ple	
  fusion	
  channels.	
  	
  

•  In	
  non-­‐Abelian	
  states,	
  there	
  is	
  a	
  large	
  Hilbert	
  space	
  for	
  given	
  
number	
  of	
  par<cles.	
  	
  

•  The	
  dimension	
  of	
  𝑁	
  par<cles	
  𝑎	
  	
  
is	
  ≃ ​𝑑↓𝑎↑𝑁 ,	
   ​𝑑↓𝑎 	
  is	
  called	
  the	
  
quantum	
  dimension	
  of	
  𝑎	
  

•  Simplest	
  example:	
  
• Majorana	
  zero	
  modes	
  𝜎×𝜎=1+𝜓,	
  	
  
•  	
  Two	
  zero	
  modes	
  can	
  fuse	
  into	
  a	
  fermion	
  occupied	
  state	
  or	
  
non-­‐occupied	
  state.	
  	
  

•  Quantum	
  dimension	
  ​𝑑↓𝜎 =√⁠2 	
  

Non-Abelian topologically ordered states 



Summary of key properties of topological order 
Proper7es	
   interpreta7on	
   Laughlin	
  1/3	
  state	
   Toric	
  code	
  

Torus	
  ground	
  state	
  
degeneracy	
   3	
   4	
  

Quasipar<cle	
  	
  
fusion	
  rule	
  

​𝑎↓𝑛 × ​𝑎↓𝑚 = ​𝑎↓𝑛+𝑚 ,  �
𝑛,𝑚=0,1,2  mod  3	
  

𝑒×𝑚=𝜓�
𝑒×𝑒=1�
𝑚×𝑚=1	
  

Spin	
  of	
  par<cles	
   0	
   ​1/6 	
   ​2/3 	
   0	
   0	
   0	
  

​
1
/
2 	
  

Braiding	
  sta<s<cs	
   ​𝑅↓𝑛𝑚↑𝑛+𝑚 = ​𝑛𝑚𝜋/3 	
   ​𝑅↓𝑒𝑚↑𝜓 ​
𝑅↓𝑚𝑒↑𝜓 =−1	
  

Quantum	
  dimension	
   1	
   1	
   1	
   1	
   1	
   1	
   1	
  



Part II: Entanglement 
measures of topological order 



• General	
  defini<on:	
  Entanglement is a property of composite 
quantum system where the joint state cannot be written as a 
product of states of its component systems. (from 
www.quantiki.org) 

•  Simplest	
  example:	
  An	
  EPR	
  pair	
  ​|↑〉↓1 ​|↓〉↓2 − ​|↓〉↓1 ​|↑〉
↓2 	
  

•  Topologically	
  ordered	
  states	
  are	
  intrinsically	
  related	
  
to	
  quantum	
  entanglement	
  

• Different	
  topological	
  ground	
  states	
  look	
  iden<cal	
  in	
  
each	
  part	
  of	
  a	
  torus,	
  but	
  look	
  different	
  on	
  the	
  whole	
  
torus.èTopologically	
  ordered	
  ground	
  states	
  must	
  be	
  
entangled	
  

Overview about quantum entanglement 

A	
   B	
  

C	
   D	
  
A B
C D



• Reduced	
  density	
  matrix	
  
• A	
  state	
  of	
  a	
  system	
  with	
  two	
  
par<<ons	
  	
  
|𝜓〉=∑𝑛𝑚↑▒​𝜓↓𝑛𝑚 ​|𝑛〉↓𝐴 ⊗ ​|𝑚〉↓𝐵  ,	
  	
  

•  The	
  average	
  value	
  of	
  an	
  operator	
  ​𝑂↓𝐴 	
  ac<ng	
  on	
  𝐴	
  is	
  
⟨𝜓|​𝑂↓𝐴 |𝜓⟩=∑𝑛, ​𝑛↑′ ↑▒⟨​𝑛↓𝐴↑′ |​𝑂↓𝐴 ​|𝑛⟩↓𝐴  ∑𝑚↑▒​
𝜓↓𝑛𝑚 ​𝜓↓​𝑛↑′ 𝑚↑∗  	
  

• Reduced	
  density	
  matrix	
  
​𝜌↓𝑛​𝑛↑′  =∑𝑚↑▒​𝜓↓𝑛𝑚 ​𝜓↓​𝑛↑′ 𝑚↑∗  	
  
determines	
  expecta<on	
  values	
  of	
  all	
  ​𝑂↓𝐴 	
  

•  In	
  short,	
  𝜌=𝑡​𝑟↓𝐵 (|𝜓⟩⟨𝜓|)	
  

Measures of quantum entanglement 



•  The	
  von	
  Neumann	
  entanglement	
  entropy	
  	
  
𝑆=−𝑡𝑟(𝜌​log ⁠𝜌 )	
  

• 𝑆=0	
  if	
  and	
  only	
  iff	
  𝜌=|𝜓⟩⟨𝜓|	
  is	
  a	
  pure	
  state	
  without	
  
entanglement.	
  	
  

•  For	
  a	
  spin	
  in	
  EPR	
  pair,	
  𝜌= ​1/2 𝐼,  𝑆= ​log ⁠2 	
  
•  Entanglement	
  spectrum	
  (Li&Haldane	
  ’08):	
  eigenvalue	
  
spectrum	
  of	
  𝜌	
  
eig(𝜌)={ ​𝜆↓1 , ​𝜆↓2 ,…​𝜆↓𝑛 }	
  

•  Entanglement	
  spectrum	
  determines	
  the	
  entanglement	
  
entropy	
  𝑆=−∑𝑛↑▒​𝜆↓𝑛 ​log ⁠​𝜆↓𝑛   	
  and	
  all	
  other	
  bipar<te	
  
entanglement	
  proper<es	
  

• Many	
  more	
  entanglement	
  measures	
  can	
  be	
  defined	
  for	
  
more	
  than	
  two	
  par<<ons	
  

Entanglement entropy and entanglement 
spectrum 



• A	
  universal	
  subleading	
  term	
  of	
  the	
  entanglement	
  
entropy	
  in	
  a	
  topological	
  state	
  (Levin&Wen	
  ’06,	
  Kitaev&Preskill	
  
‘06)	
  

•  ​𝑆↓𝐴 =𝛼​𝐿↓𝐴 − ​𝑆↓𝑡𝑜𝑝𝑜 	
  

•  ​𝑆↓𝑡𝑜𝑝𝑜 = ​log ⁠√⁠∑𝑖↑▒​𝑑↓𝑖↑2    	
  
•  Example:	
  Toric	
  code	
  

Entanglement measure I: Topological 
entanglement entropy 



•  Entanglement	
  comes	
  from	
  the	
  
matching	
  between	
  the	
  	
  
configura<ons	
  in	
  A	
  and	
  its	
  	
  
complement.	
  

•  Locally,	
  each	
  link	
  crossing	
  the	
  
boundary	
  contributes	
  one	
  qubit	
  
of	
  entanglement	
  	
  

• Naively,	
  𝑆= ​𝐿↓𝐴 ​log ⁠2 	
  
• Actually,	
  not	
  all	
  links	
  are	
  	
  
independent,	
  due	
  to	
  the	
  Gauss	
  
law	
  ∏𝜕𝐴↑▒​𝜎↓𝑧  =1.	
  Total	
  number	
  of	
  
	
  degree	
  of	
  freedom	
   ​𝐿↓𝐴 −1  	
  

• 𝑆=(​𝐿↓𝐴 −1)​log ⁠2 ⇒​𝑆↓𝑡𝑜𝑝𝑜 = ​log ⁠2 	
  

Topological entanglement entropy 



•  In	
  a	
  finite	
  size	
  system	
  it’s	
  difficult	
  to	
  do	
  a	
  fijng	
  and	
  get	
  ​
𝑆↓𝑡𝑜𝑝𝑜 	
  

• Alterna<vely,	
  some	
  combina<ons	
  of	
  entanglement	
  
entropies	
  can	
  be	
  used	
  to	
  cancel	
  area	
  law	
  term	
  and	
  
obtain	
   ​𝑆↓𝑡𝑜𝑝𝑜 	
  

•  For	
  example	
  (Kitaev&Preskill	
  ‘06)	
  
​𝑆↓𝑡𝑜𝑝𝑜 = ​𝑆↓𝐴 + ​𝑆↓𝐵 + ​𝑆↓𝐶 	
  	
  
                                − ​𝑆↓𝐴𝐵 − ​𝑆↓𝐴𝐶 − ​𝑆↓𝐵𝐶   �
                                + ​𝑆↓𝐴𝐵𝐶 	
  	
  

•  Topological	
  entropy	
  probes	
  a	
  	
  
topological	
  order	
  in	
  a	
  single	
  ground	
  state	
  

•  In	
  general	
  it	
  does	
  not	
  determine	
  the	
  topological	
  order.	
  
More	
  measures	
  are	
  needed.	
  

Topological entanglement entropy 



•  Some	
  topologically	
  ordered	
  states	
  such	
  as	
  	
  
frac<onal	
  quantum	
  Hall	
  state	
  have	
  chiral	
  	
  
edge	
  states.	
  	
  

•  Similar	
  edge	
  states	
  appear	
  in	
  the	
  entanglement	
  
spectrum	
  (Li&Haldane	
  ‘08,	
  Qi,	
  Katsura&Ludwig	
  ‘11)	
  

•  ​𝜌↓𝐴 ≃ ​𝑒↑−𝛽​𝐻↓𝑒𝑑𝑔𝑒  	
  

Entanglement measure 2: entanglement 
spectrum 

−eig[​
log ⁠𝜌 
]	
  

𝑘	
  



• Physical	
  reason:	
  gapless	
  edge	
  states	
  are	
  coupled	
  and	
  
removed	
  from	
  low	
  energy	
  spectrum.	
  	
  

• As	
  a	
  price	
  to	
  pay,	
  they	
  got	
  entangled	
  and	
  shows	
  up	
  in	
  
the	
  entanglement	
  spectrum.	
  

Entanglement measure 2: entanglement 
spectrum 

A�A�
B� B�𝑟​

𝐻↓𝑖𝑛
𝑡 	
  

A�

B� 𝑟=1	
  “glue” �

spectrum	
  
of	
  𝐻	
  

spectrum	
  of	
  
− ​log ⁠𝜌 	
  



•  Topological	
  entanglement	
  entropy	
  does	
  not	
  
directly	
  probe	
  the	
  topological	
  spin	
  of	
  
quasipar<cles	
  

•  To	
  probe	
  the	
  spin	
  of	
  par<cle,	
  we	
  need	
  to	
  
twist	
  a	
  par<cle	
  

•  Twis<ng	
  a	
  par<cle	
  is	
  equivalent	
  to	
  twis<ng	
  
half	
  of	
  a	
  cylinder	
  

• We	
  want	
  to	
  measure	
  the	
  Berry’s	
  phase	
  
obtained	
  in	
  this	
  process	
  

Entanglement measure 3: momentum 
polarization 



• Consider	
  a	
  lajce	
  model	
  on	
  the	
  cylinder,	
  with	
  lajce	
  
transla<on	
  symmetry	
   ​𝑇↓𝑦 	
  ( ​𝑇↓𝑦↑​𝐿↓𝑦  =1)	
  

•  For	
  a	
  state	
  with	
  quasipar<cle	
  𝑎	
  in	
  the	
  cylinder,	
  rota<ng	
  
the	
  cylinder	
  is	
  equivalence	
  to	
  spinning	
  two	
  quasi-­‐par<cles	
  
to	
  opposite	
  direc<ons.	
  

• A	
  Berry’s	
  phase	
   ​𝑒↑𝑖2𝜋​ℎ↓𝑎 / ​𝐿↓𝑦  	
  is	
  obtained	
  at	
  the	
  leq	
  
edge,	
  which	
  is	
  cancelled	
  by	
  an	
  opposite	
  phase	
  at	
  the	
  right.	
  

•  Total	
  momentum	
  of	
  the	
  leq	
  (right)	
  edge	
  ±2𝜋​ℎ↓𝑎 / ​𝐿↓𝑦 
èMomentum	
  polariza<on	
   ​𝑃↓𝑀 =2𝜋​ℎ↓𝑎 / ​𝐿↓𝑦 	
  

Momentum polarization 

𝑎	
   𝑎	
  ​𝑒↑𝑖2𝜋​ℎ↓𝑎 / ​𝑁↓𝑦  	
  

​𝑒↑−𝑖2𝜋​ℎ↓𝑎 / ​𝑁↓𝑦  	
  

​𝑇↓𝑦 	
  



• Viewing	
  the	
  cylinder	
  as	
  a	
  1D	
  system,	
  the	
  transla<on	
  
symmetry	
  is	
  an	
  internal	
  symmetry	
  of	
  1D	
  system,	
  of	
  
which	
  the	
  edge	
  states	
  carry	
  a	
  projec<ve	
  representa<on.	
  

•  Ideally	
  we	
  want	
  to	
  measure	
  

• Difficult	
  to	
  implement.	
  Instead,	
  define	
  discrete	
  
transla<on	
   ​𝑇↓𝑦↑𝐿 .	
  Transla<on	
  
of	
  the	
  leq	
  half	
  cylinder	
  by	
  	
  
one	
  lajce	
  constant	
  

Momentum polarization 



•  Naive	
  expecta<on:	
  ​𝑇↓𝑦↑𝐿 |​𝐺↓𝑎 〉∼ ​𝑒↑𝑖​2𝜋/​𝐿↓𝑦  ​ℎ↓𝑎  |​𝐺↓𝑎 〉	
  
contributed	
  by	
  the	
  leq	
  edge.	
  However	
  the	
  mismatch	
  in	
  the	
  
middle	
  leads	
  to	
  excita<ons	
  and	
  makes	
  the	
  result	
  
nonuniversal.	
  

•  Actual	
  result:	
  〈​𝐺↓𝑎 |​𝑇↓𝑦↑𝐿 |​𝐺↓𝑎 〉= ​exp⁠[𝑖​2𝜋/​𝐿↓𝑦  (​ℎ↓𝑎 − ​𝑐/
24 )−𝛼​𝐿↓𝑦 ] 	
  

•  The	
  phase	
  part	
  has	
  a	
  universal	
  subleading	
  term	
  
•  𝛼	
  is	
  independent	
  from	
  topological	
  
sector	
  𝑎	
  

•  𝑐:	
  chiral	
  central	
  charge	
  of	
  edge	
  state	
  
•  Laughlin	
  state	
  𝑐=1	
  
•  Toric	
  code	
  𝑐=0	
  
•  Even	
  if	
  we	
  don’t	
  know	
  which	
  sector	
  is	
  trivial	
  | ​𝐺↓1 〉,	
   ​ℎ↓𝑎 	
  can	
  
be	
  determined	
  up	
  to	
  an	
  overall	
  constant	
  by	
  diagonalizing	
  〈 ​
𝐺↓𝑛 |​𝑇↓𝑦 |​𝐺↓𝑚 〉	
  .	
  	
  

Momentum polarization 



•  Twist	
   ​𝑇↓𝑦↑𝐿 	
  only	
  acts	
  on	
  the	
  leq	
  half	
  system	
  
• è	
   ​𝜆↓𝑎 =〈​𝐺↓𝑎 |​𝑇↓𝑦↑𝐿 |​𝐺↓𝑎 〉=𝑡𝑟(​𝜌↓𝐿 ​𝑇↓𝑦↑𝐿 )	
  is	
  
determined	
  by	
  the	
  reduced	
  density	
  matrix	
  of	
  leq	
  half	
  
cylinder	
  

• Momentum	
  polariza<on	
   ​𝜆↓𝑎 	
  is	
  determined	
  by	
  edge	
  
states	
  in	
  the	
  entanglement	
  spectrum.	
  

•  Analy7c	
  calcula7on	
  of	
  ​𝝀↓𝒂 :	
  Using	
  the	
  fact	
  that	
  the	
  
entanglement	
  density	
  matrix	
  ​𝜌↓𝐴 =exp​[−𝛽​𝐻↓𝑒𝑑𝑔𝑒 ]	
  
and	
   ​𝐻↓𝑒𝑑𝑔𝑒 	
  is	
  a	
  conformal	
  field	
  theory.	
  

•  ​𝜌↓𝐿 	
  describes	
  a	
  cylinder	
  with	
  
different	
  temperature	
  on	
  two	
  
boundaries.	
  

•  Only	
  right	
  boundary	
  has	
  finite	
  	
  
“temperature”	
  due	
  to	
  	
  
entanglement	
  with	
  the	
  other	
  half.	
  

Computation of momentum polarization 

​𝑇↓𝑙 =0	
  
​𝑇↓𝑟 >0	
  

​𝜌↓𝐿 	
  



• Numerical	
  computa7on	
  of	
  ​𝝀↓𝒂 	
  
•  1.	
  Kitaev	
  honeycomb	
  model	
  (Kitaev	
  ‘06).	
  Can	
  be	
  calculated	
  
by	
  mapping	
  to	
  free	
  fermions	
  coupled	
  to	
  ​𝑍↓2 	
  gauge	
  
field	
  

• Results	
  agree	
  with	
  the	
  expecta<on	
  
𝑐= ​1/2 ,   ​ℎ↓𝜎 = ​1/16 ,   ​ℎ↓𝜓 = ​1/2 	
  	
  

𝐻=−∑𝑥−𝑙𝑖𝑛𝑘↑▒​𝐽↓𝑥 ​𝜎↓𝑖↑𝑥 ​𝜎↓𝑗↑𝑥  −∑𝑦−𝑙𝑖𝑛𝑘↑▒​𝐽↓𝑦 ​
𝜎↓𝑖↑𝑦 ​𝜎↓𝑗↑𝑦  	
  	
  
-­‐	
  ∑𝑧−𝑙𝑖𝑛𝑘↑▒​𝐽↓𝑧 ​𝜎↓𝑖↑𝑧 ​𝜎↓𝑗↑𝑧  	
  



• Numerical	
  computa7on	
  of	
  ​𝝀↓𝒂 	
  
•  2.	
  Frac<onal	
  Chern	
  insulators	
  (FCI,	
  i.e.	
  lajce	
  frac<onal	
  
quantum	
  Hall	
  states)	
  
Similar	
  to	
  Laughlin	
  state,	
  FCI	
  ground	
  states	
  can	
  be	
  
constructed	
  by	
  partons	
  |𝐺〉=𝑃|​𝐺↓1 〉⊗| ​𝐺↓2 〉	
  

•  Such	
  wavefunc<ons	
  can	
  be	
  	
  
studied	
  by	
  Monte	
  Carlo.	
  

•  ​𝜆↓𝑎 =|​𝜆↓𝑎 |​𝑒↑𝑖​𝜃↓𝑎  	
  
•  Fijng	
  	
  
​𝜃↓𝑎 ​𝐿↓𝑦 =−Im𝛼   ​𝐿↓𝑦↑2 +2𝜋(​ℎ↓𝑎 − ​𝑐/24 )  	
  	
  
	
  (Tu&Zhang&Qi,’12,	
  Zhang&Qi,	
  ‘13)	
  



(​ℎ↓𝑎 − ​𝑐/24 )​2𝜋/​𝐿↓𝑦  	
   ​ℎ↓𝑎 ​2𝜋/​𝐿↓𝑦  	
  (​ℎ↓𝑎 − ​𝑐/24 ​​sin↑2  ⁠𝛼 )​2𝜋/​𝐿↓𝑦  	
  

𝛼	
  

Momentum polarization in more generic 
geometries 

• By	
  studying	
  the	
  momentum	
  polariza<on	
  on	
  a	
  cone	
  and	
  
varying	
  the	
  cone	
  angle,	
  the	
  central	
  charge	
  𝑐	
  
contribu<on	
  can	
  be	
  determined	
  

•  𝑐	
  contribu<on	
  is	
  geometrical,	
  while	
  ​ℎ↓𝑎 	
  is	
  topological.	
  	
  
• Verified	
  by	
  momentum	
  polariza<on	
  of	
  a	
  𝑐MPS	
  state	
  for	
  
the	
  Pfaffian	
  wavefunc<on	
  (Mong,	
  Zaletel,	
  Qi)	
  



•  Topological	
  sector	
  can	
  be	
  measured	
  by	
  quasipar<cle	
  
paths	
  around	
  the	
  torus	
  

•  For	
  Laughlin	
  state,	
  taking	
  𝑞= ​𝑒/3 	
  	
  
par<cle	
  around	
  the	
  torus	
  
measures	
  the	
  flux.	
  

•  The	
  measurement	
  can	
  be	
  done	
  at	
  any	
  loopèA	
  long	
  
range	
  order	
  of	
  string	
  order	
  parameter.	
  	
  

•  Long-­‐range	
  correla<on	
  between	
  loop	
  operators	
  
〈𝜙(​𝑟↓1 )𝜙(​𝑟↓2 )〉=1	
  

•  Similar	
  to	
  classical	
  order	
  in	
  a	
  ferromagnet	
  〈𝑆(​𝑟↓1 )𝑆(​
𝑟↓2 )⟩= ​𝑀↑2 	
  

Entanglement measure 4: Topological 
uncertainty relation 

Chao-­‐Ming	
  Jian,	
  Isaac	
  Kim	
  &	
  XLQ,	
  in	
  
prepara<on	
  



•  Spontaneous	
  symmetry	
  breaking	
  leads	
  to	
  classical	
  long-­‐
range	
  order	
  

• 𝐻=−𝐽∑𝑖↑▒​𝜎↓𝑖↑𝑧 ​𝜎↓𝑖+1↑𝑧    Ising	
  model	
  
• Ground	
  states	
  |↑↑…↑⟩,  |↓↓…↓⟩	
  
• Comparison	
  with	
  topological	
  order	
  

Comparison between conventional order and 
topological order 

Spin	
  eigenstate	
  |↑↑…↑⟩	
  and	
  	
  |
↓↓…↓⟩	
  
	
  
Spin	
  correla<on	
  ⟨​𝜎↓𝑧 ( ​𝑟↓1 ) ​
𝜎↓𝑧 ( ​𝑟↓2 )⟩=1	
  
	
  

Flux	
  eigenstate	
  |𝜙⟩,  
𝜙=0,​2𝜋/3 , ​4𝜋/3 	
  
	
  
Flux	
  correla<on	
  
between	
  two	
  loops	
  
⟨𝜙(​𝑟↓1 )𝜙( ​𝑟↓2 )⟩=1	
  



•  Topological	
  order	
  is	
  like	
  a	
  conven<onal	
  	
  
order	
  aqer	
  “dimensional	
  reduc<on”	
  to	
  	
  
lower	
  dimension	
  

•  Is	
  that	
  it?	
  What’s	
  the	
  key	
  difference	
  	
  
between	
  topological	
  order	
  and	
  	
  
classical	
  long-­‐range	
  order?	
  

• A	
  torus	
  can	
  be	
  reduced	
  to	
  1D	
  in	
  two	
  	
  
different	
  ways	
  

•  Two	
  kinds	
  of	
  long-­‐range	
  correla<ons	
  
for	
  loops	
   ​𝜙↓𝑥 	
  and	
   ​𝜙↓𝑦 .	
  

•  Each	
  looks	
  like	
  a	
  long-­‐range	
  	
  
order	
  but	
  they	
  don’t	
  commute.	
  

Comparison between conventional  
order and topological order topological	
  

order	
  

spontaneous	
  
symmetry	
  breaking	
  



• Measuring	
   ​𝜙↓𝑥 	
  requires	
  to	
  take	
  a	
  quasipar<cle	
  going	
  
around	
  loop	
  X.	
  	
  

• Quasipar<cle	
  carries	
  charge	
  ​𝑒/3 	
  and	
  flux	
   ​2𝜋/3 	
  (i.e.	
  ℎ𝑐/
𝑒)	
  

• è	
  Flux	
  in	
  loop	
  Y	
  is	
  changed	
  by	
  ​2𝜋/3 .	
  
•  ​𝑒↑𝑖​𝜙↓𝑥  ​𝑒↑𝑖​𝜙↓𝑦  = ​𝑒↑𝑖​𝜙↓𝑦  ​𝑒↑𝑖​𝜙↓𝑥  ​𝑒↑𝑖​2𝜋/3  	
  
•  Eigenstates	
  of	
  ​𝜙↓𝑥 	
  is	
  superposi<on	
  of	
  	
  
​𝜙↓𝑦 	
  eigenstates	
  	
  

•  |​𝜙↓𝑥 =0⟩= ​1/√⁠3  ∑𝑛=0↑2▒|​𝜙↓𝑦 = ​2𝜋𝑛/3 ⟩ 	
  

Non-commuting long-range correlations 
between loop operators 



•  Lesson:	
  Topological	
  order	
  can	
  be	
  understood	
  as	
  
long-­‐range	
  order	
  of	
  non-­‐commu7ng	
  loop	
  operators	
  

Non-commuting long-range correlations 
between loop operators 

| ​𝜙↓1 =0⟩	
  

A	
  spontaneous	
  
symmetry	
  breaking	
  state	
  
	
  

A	
  “Schroedinger’s	
  cat	
  
state”	
  



• Non-­‐commu<ng	
  operators	
  such	
  as	
  [𝑥,𝑝]=𝑖	
  lead	
  to	
  
Heisenberg’s	
  uncertainty	
  rela<on.	
  

•  For	
  a	
  topological	
  order,	
  loop	
  operators	
  on	
  the	
  torus	
  
cannot	
  be	
  simultaneously	
  diagonalized	
  

• We	
  can	
  define	
  a	
  quantum	
  entanglement	
  measure	
  using	
  
this	
  intui<on.	
  	
  

• Define	
  mutual	
  informa<on	
  between	
  two	
  regions	
  on	
  a	
  
torus	
  

•  ​𝐼↓​𝑋↓1 ​𝑋↓2  = ​S↓​X↓1  + ​S↓​X↓2  − ​𝑆↓​𝑋↓1 ​𝑋↓2  	
  
• Mutual	
  informa<on	
  measures	
  
correla<on	
  between	
  the	
  two	
  
regions.	
  	
  

Topological uncertainty relation 

​
𝑋↓
1 	
  

​
𝑋↓
2 	
  



• An	
  EPR	
  pair	
  |↑⟩|↓⟩−|↓⟩|↑⟩,	
   ​𝑆↓1 = ​𝑆↓2 = ​log ⁠2 ,	
   ​𝑆↓12 
=0,	
   ​𝐼↓12 =2​log ⁠2 	
  is	
  maximal.	
  

•  For	
  classical	
  long-­‐range	
  order	
  

Mutual information measures long-range order 

​𝑆↓1 	
   ​𝑆↓2 	
  

​𝑆↓1 	
   ​𝑆↓2 	
  ​𝑆↓2 	
  

+	
  

​𝐼↓12 =0	
  

​𝐼↓12 =0	
  

​𝐼↓12 = ​log ⁠2 	
  



•  For	
  topological	
  order,	
  a	
  state	
  
| ​𝜙↓𝑥 =0⟩	
  has	
  

•  	
   ​𝐼↓𝑋 = ​𝐼↓​𝑋↓1 ​𝑋↓2  =0,  ​𝐼↓𝑌 = ​𝐼↓​𝑌↓1 ​𝑌↓2  >0	
  
• Alterna<ve,	
  if	
  we	
  take	
  	
  
| ​𝜙↓𝑦 =0⟩,	
  it	
  has	
  
​𝐼↓𝑋 >0,   ​𝐼↓𝑌 =0.	
  	
  

•  ​𝐼↓𝑋 	
  and	
   ​𝐼↓𝑌 	
  cannot	
  simultaneously	
  vanish.	
  	
  
•  ​𝐼↓𝑋 + ​𝐼↓𝑌 	
  has	
  a	
  lower	
  bound,	
  as	
  a	
  consequence	
  of	
  the	
  
uncertainty	
  rela<on	
  (Jian,	
  Kim	
  &	
  XLQ	
  ‘15)	
  

•  ​𝐼↓𝑋 + ​𝐼↓𝑌 ≥−2​log ⁠​​max┬𝑛,𝑚  ⁠| ​𝑆↓𝑛𝑚 |  	
  
•  ​𝑆↓𝑛𝑚 = ​​𝑛↓𝑋  ⁠​𝑚↓𝑌  	
  the	
  transforma<on	
  matrix	
  between	
  
the	
  two	
  basis,	
  also	
  known	
  as	
  the	
  modular	
  𝑆-­‐matrix.	
  

​
𝑋↓
1 	
  

​
𝑋↓
2 	
  

Topological uncertainty relation 

​𝑌↓1 	
  

​𝑌↓2 	
  



•  For	
  a	
  generic	
  ground	
  state	
  	
  
|Ψ⟩=∑𝑛↑▒​𝑎↓𝑛 | ​𝑛↓𝑋 ⟩ =∑𝑛↑▒​𝑏↓𝑛 | ​𝑛↓𝑌 ⟩ ,	
  	
  
	
  
​𝐼↓𝑋 =−∑𝑛↑▒​|​𝑎↓𝑛 |↑2 ​log ⁠​|​𝑎↓𝑛 |↑2   ,     ​𝐼↓𝑌 =−∑𝑛↑▒​|​
𝑏↓𝑛 |↑2 ​log ⁠​|​𝑏↓𝑛 |↑2   .	
  

• Allowed	
  values	
  of	
  (​𝐼↓𝑋 , ​𝐼↓𝑌 )	
  for	
  some	
  examples:	
  

Topological uncertainty relation 

Laughlin	
  1/3	
  



• On	
  a	
  more	
  generic	
  manifold,	
  any	
  two	
  loops	
   ​𝐿↓1 	
  and	
   ​
𝐿↓2 	
  with	
  nontrivial	
  intersec<on	
  has	
  non-­‐commu<ng	
  
loop	
  operators	
  

•  ​min ⁠(​𝐼↓1 + ​𝐼↓3 ) >0, ​min ⁠(​𝐼↓2 + ​𝐼↓3 ) >0, ​min ⁠(​𝐼↓1 + ​
𝐼↓2 ) =0	
  

More general topology 



•  In	
  general,	
  we	
  can	
  compute	
  mutual	
  informa<on	
  
between	
  regions	
  in	
  the	
  system	
  

•  Topological	
  order	
  means	
  
1)	
  Contrac<ble	
  regions	
  have	
  no	
  mutual	
  informa<on	
  
2)	
  Non-­‐contrac<ble	
  regions	
  generically	
  have	
  nonzero	
  
mutual	
  informa<on	
  
3)	
  When	
  two	
  pairs	
  of	
  loops	
  (𝑋1,  𝑋2	
  	
  
and	
  𝑌1,  𝑌2)	
  have	
  nonzero	
  intersec<on,	
  	
  
​𝐼↓𝑋 + ​𝐼↓𝑌 	
  have	
  finite	
  lower	
  bound.	
  

•  This	
  approach	
  provides	
  a	
  general	
  
characteris<cs	
  of	
  topological	
  order	
  
which	
  can	
  be	
  generalized	
  to	
  higher	
  
dimensions.	
  

• A	
  direct	
  measure	
  of	
  “long-­‐range	
  entanglement”.	
  	
  

Summary of topological uncertainty relations 



•  Topologically	
  ordered	
  states	
  are	
  states	
  of	
  maJer	
  with	
  
ground	
  state	
  degeneracy,	
  frac<onal	
  sta<s<cs	
  etc.	
  

•  Topological	
  order	
  is	
  intrinsically	
  related	
  to	
  quantum	
  
entanglement.	
  

•  Topological	
  order	
  is	
  difficult	
  to	
  probe,	
  and	
  quantum	
  
entanglement	
  provides	
  helpful	
  characteris<cs.	
  	
  

• Different	
  quantum	
  entanglement	
  measures	
  can	
  be	
  
defined	
  to	
  characterize	
  topologically	
  ordered	
  states,	
  
such	
  as	
  topological	
  entanglement	
  entropy,	
  
entanglement	
  spectrum,	
  momentum	
  polariza<on	
  and	
  
topological	
  uncertainty	
  rela<on.	
  

• Many	
  more	
  open	
  ques<ons	
  in	
  higher	
  dimensions.	
  

Summary 
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