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Hall Effect 

F = q(v×B+E)
Lorentz force: 

VH = −
IB
ρeqt

ρH = −
B
qρeHall Coefficient: RH = −

1
qρe

Applica'on:	  
1.  To	  measure	  the	  sign	  of	  charge	  carriers	  
2.  To	  measure	  the	  density	  of	  the	  charge	  density	  
3.  To	  measure	  the	  magne'c	  field	  



Anomalous Hall Effect 

ρH = RHB+ RAM

In a ferromagnetic metal, 



Integer Quantum Hall Effect  
& Edge States 
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Klitzing,	  K.	  von;	  Dorda,	  G.;	  Pepper,	  M.	  "New	  Method	  for	  High-‐
Accuracy	  Determina'on	  of	  the	  Fine-‐Structure	  Constant	  Based	  
on	  Quan'zed	  Hall	  Resistance".	  Phys.	  Rev.	  Le+.	  45	  (6):	  494–
497	  (1980).	  	   The key feature: 

Bulk electrons are localized 
while edge electrons are extended. 2
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n is an integer. 

Halperin, 82; Streda & MacDonald, 84 



A	  free	  electron	  in	  a	  B	  field	  

H =
1

2m
(p� eA)2

B = @
x

A
y

� @
y

A
x

A
x

= �By,A
y

= 0

y0 = �~k
x

eB

H = � ~2
2m

@2
y +

e2B2

2m
(y � y0)

2

En = ~!(n+ 1/2)

�n(�x) = (�1)n�(x)



Edge	  state	  of	  a	  rigid	  wall	  
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3D Topological Insulator 

Fu and Kane, PRL 98, 106803 (2007) 

Time Reversal Invariant Momentum 

)()( 1 kHkH −=ΘΘ −
Under the time reversal 

2/; GkGkk =+−=
(Reciprocal lattice vector G) 

The surface states in the gap: 
1. The Fermi surface encloses an odd 
number of Dirac cones; 
2. The Fermi surface has a single spin state 
at each momentum, the lock-in relation of 
electron momentum and spin; 
3. The Berry phase arround the Fermi surface 
is π. 

Zhang et al, Nat. Phys (2009)�

Xia et al, Nat. Phys, (2009)�
Hsieh et al, Nature (2009)�
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Surface states: 
Shan, Lu & Shen, NJP(2010) 



From 3D to 2D 

0)2/( =±=Ψ Lz

0== yx kk

Consider	  an	  ultrathin	  film	  with	  thickness	  L.	  The	  open	  boundary	  
condi'ons	  are	  taken	  at	  the	  surface	  	  

Method	  I:	  The	  problem	  can	  be	  solved	  exactly.	  

Method	  II:	  Solve	  the	  3D	  equa'on	  at	  	  
The	  four	  solu'ons	  of	  the	  surface	  states	  are	  obtained	  for	  four	  p	  electrons,	  which	  can	  be	  	  
used	  as	  the	  new	  basis	  to	  expand	  the	  3D	  model	  around	  the	  point,	  	  	  	   0== yx kk

)()( 21 zz eez λλ −− −∝Ψ

ΔEnergy	  Gap	   Lu et al, 2010 
Shan et al, 2010 





Structural Inversion Asymmetry and 
Effective Hamiltonian 

)()( zVzV −=

Introduce	  an	  asymmetric	  poten'al	  along	  the	  z	  direc'on.	  Because	  of	  the	  substrate	  the	  two	  
boundary	  condi'ons	  of	  the	  wave	  func'on	  at	  the	  two	  surfaces	  are	  different.	  	  
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Bi2Se3 Thin Films 
Zhang et al, Nat. Phys. 6, 584 (2010)   



Shan, Lu, and Shen, New J Phys, (2010) 

Evolution of surface states  
In a thin film  



Microscopic Model for TI Thin Film 

Zhang et al, Nat. Phys, (2010) 



Two	  Insula'ng	  Phases:	  	  
Band	  Gap	  Insulator	  and	  QSHE	  

In	  the	  absence	  of	  SIA.	  



Magnetic doping�

Doping magnetic impurities (Hor et al, PRB 08; Chen, 
ZXShen et al, Science 10; Wray, Hasan et al Nat. 
Phys. 11):�

Chen, ZXShen et al, Science,
10�
�
When ferromagnetic order is 
formed, the z-component 
magnetization can open a gap at 
Dirac point�



QAHE in Fe- or Cr-doped tetradymite 
semiconductor Bi2Te3 and Bi2Se3  

Yu et al, Science 329, 61 (2010). 



Experimental Observation of QAHE 
Chang et al, Science (2013) 

Sample: Cr-doped (Bi,Sb)2Te3 thin film 



Exchange Field 

H = −Dk2 +

Δ+m
2
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Yu et al, 2010 



Band Structure 
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      Topological
   Insulator
Thin Film

Substrate

Under a unitary transformation, the 4X4 matrix 
can be reduced into two 2X2 matrcies 

A transition occurs at  Γ = Λ

The condition for QAHE: m > Δ2 + 4V 2



Longitudinal & Transverse Conductance 

0.00 0.02 0.04
-0.10

-0.05

0.00

0.05

0.10

(d)

(c)

(b)

V=0.01

V=0.01V=0

k [1/A]

V=0

(a)
0.00 0.02 0.04

-0.10

-0.05

0.00

0.05

0.10

k 
Ω

z i

0.00 0.02 0.04
-30

-15

0

15

30

0.00 0.02 0.04
-30

-15

0

15

30

En
er

gy
 [e

V]

Berry curvature and the Hall conductance 

Longitudinal conductance 

Using the Einstein relation,  

the diffusion coefficient 



Comparing with experimental data 
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Lu, Zhao and Shen,  PRL 111, 146802 (2013) 



Chu, Shi, and Shen, PRB 84, 085312 (2011)  



(upper) Schematic 
illustration of the 3D 
device with 2D semi-
infinite metallic leads, the 
sample has finite 
thickness in Z direction, 
the top surface size is 
L×L; (lower) Transmission 
coefficients T14 − T12 of 
the 4-terminal device as a 
function of the sample 

thickness in Z. ∆z = 0.15, 
M = 0.4, Ef1 = 0.001, Ef2 = 
0.04. 

Thickness Dependence of the 
Difference 

QAHE	  



Nature	  Phys.	  10,	  956	  (2014)	  





Solu'ons	  of	  an	  electron	  in	  TI	  thin	  film	  
in	  the	  presence	  of	  a	  uniform	  B	  field	  

Two	  func'ons	  to	  the	  Weber	  equa'on:	  

Zhang,	  Lu	  and	  Shen,	  Sci.	  Rep.	  (2015)/arXiv:	  1502.01792	  





Two	  pagerns	  of	  QHE	  	  



Landau	  Levels	  and	  Edge	  States	  









Integer Quantized Hall Conductance 
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Lu, Shan, Chu, Niu & Shen, PRB 81, 115407(10) 



The Hall Conductance  
and the Chern Number 

h
e

H

2

νσ =

Hall	  conductance	   The	  Chern	  number	  is	  an	  integer	  if	  the	  
Brillouin	  zone	  is	  finite.	  

The system Hamiltonian 

The Kubo formula for the conductance: a result of linear response theory  

Thouless,	  Kohmoto*,	  Nigh'ngale,	  and	  den	  
Nijs,	  Phys.	  Rev.	  Le-.	  49,	  405(1982)	  	  



Equivalence of the first Brillouin zone and a torus: (a). A rectangle of the first 
Brillouin zone with periodic boundary conditions (b). The rectangle is rolled into  
a tube along the ky direction. (c). The tube is rolled into a torus along the kx  
direction. The four corners of the rectangle are actually the one point in the torus 
surface.  
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The	  edge	  states	  of	  n=0	  Landau	  level	  	  
for	  different	  coefficient	  B.	  	  	  



Summary	  

•  We	  established	  a	  model	  for	  topological	  
insulator	  thin	  film.	  

•  We	  find	  a	  solu'on	  of	  topological	  insulator	  thin	  
film	  in	  a	  B	  field.	  

•  We	  discussed	  the	  edge	  state	  effect.	  	  



Spin-Orbit Coupling: Semi-classical picture  
Spin-Orbit Interaction (LS coupling): The interaction describes the effect of an 
electron’s orbital motion on the orientation of its spin.  
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Half-Quantized Hall 
Conductance in 

Graphene? 
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Novoselov et al, Nature 438, 197 (2005) 

Zhang et al, Nature 438, 201 (2005) 

Two valleys + 
 Double spin degeneracy�



Band Structure of Graphene in B field�

The zero mode edge states connects two valleys. So the zero-mode conductance  
originates from the one edge state connecting two valleys, NOT from two one-halfs 
of two valleys  



QAHE	  &	  Edge	  State	  



Surface States in a Zeeman Field  
Chu, Shi and Shen, 2011 



Half-Quantized Hall Conductance 
for Two Dimensional Massive Dirac Gas 
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Redlich, PRD 29, 2366(84); Jackiw, PRD 29, 2375(84) 
Qi et al, PRB (2008),Chu et al, PRB(2011) 



Half-Quantization in B-field 

h
enH

2

)2/1( +=σ

σσ ⋅−→⋅= )( A
c
epvpvH FF

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
===

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

±

−
=±±=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

Π

Π
=

=

+
+

−

0
0

0;0

1

2
1,;

0
0

2
0

0

0 nE

n

n
neBnE

a
a

l
vvH

n

n

B

F
F

!

!


