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Derive	
  the	
  spin	
  transverse	
  force	
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Consequences: 
• Electron spin 
• Positron: antiparticle 
• Positive and negative energy 
• …… 
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In	
  1D:	
  	
  

In	
  2D:	
  	
  

In	
  3D:	
  	
  

α	
  and	
  β	
  are	
  any	
  two	
  Pauli	
  matrices.	
  	
  	
  

α	
  and	
  β	
  are	
  the	
  three	
  Pauli	
  matrices.	
  



Zero Energy Bound State:  
1D example 
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The	
  staRonary	
  equaRon:	
  

We	
  choose	
  a	
  posiRve	
  λ	
  to	
  saRsfy	
  the	
  boundary	
  condiRon.	
  Similary,	
  for	
  x<0,	
  

è

Consider	
  the	
  conRnuity	
  of	
  the	
  wave	
  funcRon	
  at	
  x=0:	
  
Zero	
  energy	
  soluRon!	
  

E = 0



General	
  soluRon:	
  m(x)	
  and	
  E=0	
  

The	
  zero	
  energy	
  
soluRon	
  of	
  the	
  domain	
  
wall	
  is	
  robust	
  against	
  
the	
  distribuRon	
  of	
  the	
  
mass,	
  but	
  depends	
  on	
  
the	
  signs	
  of	
  m	
  at	
  the	
  
boundary	
  	
  far	
  away	
  
from	
  the	
  domain	
  wall.	
  It	
  
is	
  a	
  soluRon	
  of	
  soliRon.	
  



2D example: Chiral Bound State 
carrying 1 e2/h conductance 
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Why	
  Not	
  Dirac	
  EquaRon?	
  

βα 2
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The	
  Dirac	
  equaRon	
  is	
  marginal:	
  there	
  is	
  no	
  difference	
  in	
  the	
  equaRon	
  between	
  m0	
  and	
  –m0.	
  

Symmetry:	
  	
   m0 →−m0

β→−β



Modified	
  Dirac	
  EquaRon	
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Under the time reversal,   
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Spin	
  DistribuRon	
  	
  
in	
  the	
  momentum	
  space	
  

€ 

mB < 0

€ 

mB > 0

βα )( 22 BpmvvpH −+⋅=
Topologically trivial Topologically non-trivial 

Lu	
  et	
  al,	
  Phys.	
  Rev.	
  B	
  81,	
  115407	
  (2010)	
  



Topological	
  Invariant	
  
The	
  general	
  soluRon:	
   The	
  Rme	
  reversal	
  operator	
  

The	
  Pfaffian	
  for	
  two	
  negaRve	
  energy	
  states:	
  

1	
  for	
  mB>0	
  and	
  0	
  for	
  mB<0.	
  

According	
  to	
  Kane	
  and	
  Mele,	
  an	
  even	
  or	
  odd	
  number	
  of	
  pairs	
  of	
  the	
  zeros	
  in	
  Pfaffian	
  
defines	
  the	
  Z2	
  invariant:	
  	
  



Physical	
  Systems	
  

•  1D:	
  ConducRng	
  polymer,	
  p-­‐wave	
  
superconductors,	
  …….	
  

•  2D:	
  Quantum	
  spin	
  Hall	
  effect,	
  quanRzed	
  
anomalous	
  Hall	
  effect,	
  p-­‐wave	
  superconductor,	
  
A-­‐phase	
  in	
  Helium	
  3	
  liquid,……	
  

•  3D:	
  Topological	
  insulators,	
  B	
  phase	
  in	
  Helium	
  3	
  
liquid,	
  p-­‐wave	
  superconductor,…..	
  



Boundary	
  soluRons	
  
1. One	
  dimension:	
  the	
  end	
  states	
  of	
  zero	
  energy	
  
2. Two	
  dimensions:	
  a	
  chiral	
  edge	
  state	
  or	
  a	
  pair	
  of	
  
helical	
  edge	
  states	
  

3. Three	
  dimensions:	
  a	
  single	
  Dirac	
  cone	
  of	
  the	
  
surface	
  state	
  



One	
  Dimension	
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The	
  Dirichlet	
  	
  CondiRons	
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  Bound	
  State	
  SoluRon! 

Four	
  roots:	
  
±λ+,±λ−



One	
  Dimension:	
  Zero	
  Energy	
  SoluRon	
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Near	
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Two	
  Dimensions:	
  Edge	
  States	
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Solutions for helical edge states! 
Quantum Spin Hall Effect! 
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Quantum Spin Hall Effect 
First 2D topological insulator (Quantum Spin Hall Effect): HgTe/CdTe quantum well 

Theoretical predicted: Bernevig, Hughes,and Zhang, Science 314 1757 (2006)  
Experimental confirmed: Konig et al, Science 318, 766 (2007); Roth et al, Science 325, 294 (2009); 
Topical review: Konig et al, J. Phys. Soc. Jpn. 77, 031007 (2008) 

quantized transport due to the 
helical edge states 
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Three	
  dimension	
  and	
  surface	
  states	
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The	
  effecRve	
  model	
  for	
  the	
  surface	
  states	
  



The	
  Dirac	
  Cone	
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D Hsieh et al. Nature 460, 1101-1105 (2009) 

Detection of spin-momentum locking of spin-helical 
Dirac electrons in Bi2Se3 and Bi2Te3 using spin-
resolved ARPES 



From	
  conRnuous	
  to	
  lance	
  model	
  
Mapping	
  the	
  conRnuous	
  model	
  into	
  a	
  hyper-­‐cubic	
  lance	
  model:	
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The	
  lance	
  model	
  with	
  the	
  periodic	
  boundary	
  condiRon:	
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Performing	
  the	
  Fourier	
  transformaRon,	
  one	
  obtains	
  a	
  lance	
  model	
  in	
  the	
  real	
  space.	
  
As	
  the	
  the	
  mapping	
  is	
  only	
  valid	
  in	
  the	
  long	
  wavelength	
  limit,	
  the	
  two	
  models	
  are	
  not	
  exactly	
  
IdenRcal.	
  	
  



Fourier	
  TransformaRon	
  



Modified	
  Dirac	
  Model	
  
on	
  a	
  Hypercubic	
  Lance	
  



Find	
  an	
  edge	
  or	
  surface	
  state	
  soluRon	
  

•  Make	
  use	
  of	
  of	
  the	
  Fourier	
  transformaRon	
  to	
  
reduce	
  the	
  issue	
  to	
  a	
  one-­‐dimensional	
  
problem.	
  

•  	
  Consider	
  a	
  strip	
  or	
  a	
  finite	
  thick	
  film	
  



Several	
  Physical	
  Systems	
  



Su-Schrieffer-Heeger Model 
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Gap Closing and Re-Opening  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

−++

−++
=

+

−
++∑

k

k
ik

ik

k
kk b

a
etttt

etttt
baH

0)()(
)()(0

),(
δδ

δδ

Fourier transformation:  ∑∑ ⋅−=⋅−= nBnknAnk cRik
N

bcRik
N

a ,, ]exp[1;]exp[1

[ ] yx kttkttttkH σδσδδ sin)(cos)()()( −+−++=

E± = ± [(t +δt)+ (t −δt)cosk]2 + (t −δt)2 sin2 k



From SSH to Dirac equation 
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Numerical Calculation 



QSHE in HgTe/CdTe Quantum Well 

Bernevig	
  et	
  al,	
  Science	
  314,	
  1757	
  (2006)	
   Konig	
  et	
  al,	
  Science	
  318,	
  766	
  (2007)	
  



Bernevig-­‐Hughes-­‐Zhang	
  Model	
  



6	
  X	
  6	
  Kane	
  Model	
  



Outline	
  to	
  derive	
  an	
  effecRve	
  model	
  

•  Quantum	
  well	
  structure:	
  CdTe/HgTe/CdTe	
  
•  Find	
  the	
  bound	
  states	
  at	
  kx=ky=0	
  
•  Using	
  the	
  soluRons	
  of	
  the	
  bound	
  states	
  of	
  
kx=ky=0	
  as	
  thebasis	
  



Heff =U +V

ϕ1 ϕ2





Crystal	
  Structure	
  of	
  Bi2Se3	
  





P-wave pairing superconductor 
In Bardeen-Copper-Schrieffer theory for superconductivity, the effective Hamiltonian 
has the form 
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From the anti-commutation relation 
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Bogoliubov-de Gennes Equation 
The BCS wave function: 
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p-­‐wave	
  superconductor	
  &	
  Dirac	
  EquaRon 

For	
  a	
  p-­‐wave	
  pairing	
  superconductor, 
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Bogoliubov	
  TransformaRon	
  

€ 

γ k
+ = ukck

+ + vkc−k;
γ k = uk

*ck + vk
*c−k

+

Majorana	
  Fermions	
  

€ 

γ k
+ = γ−k,uk = v−k

*



One-­‐dimensional	
  end	
  state	
  soluRon	
  	
  
&	
  Majorana	
  fermions	
  

zxxxeff m
iK σµσ ⎟⎟
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There	
  is	
  one	
  soluRon	
  near	
  x=0	
  and	
  one	
  near	
  x=L	
  for	
  mμ>0.	
  The	
  two	
  soluRons	
  are	
  
degenerated.	
  Due	
  to	
  the	
  parRcle	
  –hole	
  	
  symmetry,	
  there	
  is	
  only	
  one	
  state,	
  in	
  which	
  one	
  
half	
  is	
  located	
  at	
  x=0	
  and	
  the	
  other	
  half	
  is	
  located	
  at	
  x=L.	
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Vortex	
  and	
  Majorana	
  fermion	
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It	
  is	
  exactly	
  equivalent	
  to	
  the	
  1D	
  modified	
  Dirac	
  equaRon!	
  There	
  are	
  one	
  zero	
  energy	
  
modes	
  near	
  r=R	
  for	
  mB>0.	
  Due	
  to	
  the	
  parRcle-­‐hole	
  symmetry,	
  the	
  real	
  bound	
  state	
  has	
  
one	
  half	
  near	
  the	
  centre	
  and	
  one	
  half	
  near	
  the	
  boundary.	
  	
  
	
  
The	
  quasi-­‐parRcle	
  is	
  a	
  linear	
  combinaRon	
  of	
  parRcle	
  and	
  holes:	
  its	
  creaRon	
  operator	
  is	
  
equal	
  to	
  its	
  annihilaRon	
  operator,	
  i.e.,	
  Majorana	
  fermion.	
  	
  



Superfluid	
  He-­‐3:	
  A	
  and	
  B	
  phase	
  
He-­‐3	
  B	
  phase	
  

He-­‐3	
  A	
  phase:	
  Equal	
  Spin	
  Pairing	
  



Model for Weyl Semimetal
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There exist two crossing points at 
Near the two points the model is reduced to

It is a massive Dirac equation with mass  M0 �M1k
2
z

S. Q. Shen, Topological Insulators (Springer, Berlin, 2012)

or an effective model for A-phase of liquid He3 superfluidity.



Berry Curvature
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Non-Zero Chern Number as a Function of kz

n
c
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dk
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⌦(k) · ẑ

nc(kz) = �1

2
[sgn(M0 �M1k

2
z) + sgn(M1)]

The Chern number is 1 or -1 when kz 
is between the two Weyl nodes and the 
system is half filled.

nc(kz) = �1

2
sgn(M1)

⇥
sgn(k2c � k2z) + 1
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For M0/M1 > 0



Weyl Semimetal

Hosur & Qi, 2014



Sau-­‐Lutchyn-­‐Tewari-­‐Das	
  Sarma	
  Model	
  
For	
  Topological	
  Superconductor	
  

We	
  first	
  perform	
  a	
  unitary	
  transformaRon	
  to	
  diagonalize	
  H0	
  

Δk,c = ΔVz /Λk



The	
  second	
  transformaRon	
  is	
  to	
  diagonalize	
  the	
  part	
  of	
  s-­‐wave	
  pairing	
  

The	
  result:	
  the	
  model	
  is	
  equivalent	
  to	
  two	
  p-­‐wave	
  pairing	
  superconductors,	
  one	
  is	
  always	
  
topological	
  trivial,	
  and	
  the	
  other	
  is	
  possibly	
  nontrivial	
  with	
  the	
  condiRon	
  

µ 2 +Δ2 < Vz

S.	
  Q.	
  Shen,	
  Topological	
  Insulator,	
  (Springer,	
  2012)	
  



EquaRon	
  and	
  Basis	
  

Heff = vp ⋅α + (mv
2 −Bp2 )β

H = Ψ p
+Heff (p)Ψ p∑

The	
  Dirac	
  equaRon	
  has	
  a	
  physical	
  meaning	
  only	
  on	
  a	
  physical	
  basis:	
  	
  



Summary	
  

βα )( 22 BpmvvpH −+⋅=

References:	
  
• Shen,	
  Shan	
  and	
  Lu,	
  SPIN	
  1,	
  33	
  (2011)	
  
• Shen,	
  Topological	
  Insulators,	
  
	
  	
  	
  	
  	
  	
  (Springer,	
  Berlin-­‐Heidelberg,	
  2012)	
  

1.  The	
  modified	
  Dirac	
  equaRon	
  has	
  a	
  boundary	
  
soluRon	
  with	
  the	
  condiRon:	
  mB>0;	
  

2.  Non-­‐topological	
  impurity:	
  in-­‐gap	
  bound	
  
state;	
  

3.  Topological	
  impurity:	
  vortex-­‐induced	
  zero-­‐
energy	
  state,	
  Majorana	
  fermion	
  





Quantum States of Matter 

Spontaneous	
  Symmetry	
  
Breaking	
  &	
  Order	
  Parameters	
  

Topological	
  Invariant	
  &	
  
Topological	
  Quantum	
  Phase	
  

FerromagneRsm	
  

AnRferromagneRsm	
  

SuperconducRvity	
  

Charge	
  or	
  spin	
  density	
  wave	
  

…….	
  

Integer	
  Quantum	
  Hall	
  Effect	
  

FracRonal	
  Quantum	
  Hall	
  Effect	
  

Quantum	
  Spin	
  Hall	
  Effect	
  

3D	
  Topological	
  Insulator	
  

……….	
  

Free	
  energy:	
  


